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In the present work, we examine the role of central (C), spin-orbit (SO) and tensor (T) components
of two-nucleon interaction in the nuclear matrix elements (NMEs) of the two-neutrino double beta
decay (2νββ) and the light neutrino-exchange mechanism of neutrinoless double beta decay (0νββ)
of 48Ca in closure approximation and nonclosure approach. The NMEs are calculated in the nuclear
shell-model framework using two-nucleon effective interaction GXPF1A used for pf shell. The
decomposition of the shell model two-nucleon interaction into its individual components is performed
using the spin-tensor decomposition (STD). The NMEs for 2νββ are calculated in running nonclosure
method. The NMEs for 0νββ are calculated with four different methods ,namely, closure, running
closure, running nonclosure, and mixed method. Results show that the magnitude of NMEs for 2νββ
decreases about 7% with the C+SO component of the interaction as compared to the C component.
The magnitude of NMEs is further decreased about 9% by adding T component to the C+SO
component. The NMEs of 0νββ calculated in running nonclosure method are enhanced by about
8-10%, 8-10%, and 9-12%, respectively, as compared to corresponding NMEs calculated in running
closure method with C, C+SO components and total (C+SO+T) GXPF1A interaction for different
SRC parametrization. For both 2νββ and 0νββ, the NMEs calculated with C+SO component is in
opposite phase with the NMEs calculated with C component and the total GXPF1A interaction.
I. INTRODUCTION
Two-neutrino double beta decay (2νββ) is a rare
second-order weak nuclear decay in which two neutrons
inside an even-even nucleus are simultaneously trans-
formed into two protons accompanied by the emission
of two electrons and two antineutrinos. The process was
first suggested by Goeppert Mayer [1] in 1935. Almost
80 years later, 2νββ has been observed in 12 nuclei with
half-lives ranging from ∼ 1019 to 1024 years [2]. Neu-
trinoless double beta decay (0νββ) is another mode of
double beta decay in which neutrino comes in the virtual
intermediate state; thus, it violates lepton number by two
units. In 1939, Wolfgang Furry discussed 0νββ for the
first time [3, 4] based on E.Majorana’s symmetric theory
for fermion and anti-fermion [5] followed by G. Racah’s
chain reactions [6] in 1937. While 0νββ is allowed theo-
retically for several nuclei, this process is still unobserved
even after 80 years of its prediction. If this process is
observed, one can conclude that neutrinos are Majorana
Fermion rather than Dirac Fermion [7], which has impor-
tant implications in physics beyond the standard model
[7–9]. Also, it gives some hints about neutrino mass and
neutrino mass hierarchy [4, 10].
The half-life of 2νββ and 0νββ are related with nu-
clear matrix elements (NMEs) which are calculated the-
oretically with different many-body nuclear models [11]
such as quasiparticle random phase approximation [4],
interacting nuclear shell-model [12–16], interacting bo-
son model [17, 18], generator coordinate method [19], en-
ergy density functional theory [19, 20] and the projected
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Hartree-Fock Bogolibov model [21]. For 0νββ, various
decay mechanisms such as light neutrino exchange mech-
anism [22, 23], heavy neutrino exchange mechanism [4],
left-right symmetric mechanism [24, 25], and supersym-
metric particles exchange mechanism [26, 27] have been
proposed. Here, our interest is light neutrino-exchange
mechanism.
In the present work, NMEs for 2νββ and the light
neutrino-exchange mechanism of 0νββ are calculated for
48Ca using interacting nuclear shell-model. The 2νββ
process for 48Ca is written as
48Ca→48 Ti + e− + e− + νe + νe. (1)
The 0νββ process for 48Ca is written as
48Ca→48 Ti + e− + e−. (2)
The NMEs for 2νββ were calculated for 48Ca in Refs [28–
30] using interacting shell-model. In Refs. [13, 15, 16],
NMEs for the light neutrino-exchange mechanism of 48Ca
were calculated using the closure approximation within
the nuclear shell-model. The nonclosure approach was
used to calculate NMEs of 0νββ of 48Ca in Ref. [14] using
nuclear shell model. All the above studies have been
performed using total effective interaction. However, in
the present study we are examining the contribution of
individual components, i.e., central (C), spin-orbit (SO)
and tensor force (T), of shell model two-nucleon effective
interaction in NMEs of 2νββ and 0νββ.
In the last few years, the contribution of individual
components of two-nucleon interaction gains a lot of in-
terest in understanding the cause of shell evolution in
neutron-rich nuclei [31–35]. The sensitivity of NMEs for
the light neutrino-exchange mechanism of 0νββ of 48Ca
with individual components of two-nucleon interaction
2was also studied recently in Ref. [36] using closure ap-
proximation. In the present study, we go beyond the
closure approximation to examine the role of individual
components of two nucleon interaction in NMEs of 2νββ
and 0νββ. The decomposition of effective shell model
interaction into its C, SO and T force components is
performed using STD [35, 37–44]. The STD can be ap-
plied to a model-space in which the spin-orbital partners,
j>(= l+1/2) and j<(= l−1/2), associated with the same
orbital quantum number l is present. The 48Ca belongs
to fp−model-space, which has spin-orbit partners. Thus,
the present study of 0νββ of 48Ca using STD is of great
interest.
In the present work, we examine the roles of C, SO, and
T components of two nucleon interaction GXPF1A [45,
46] of pf -shell in the NMEs 2νββ and 0νββ of 48Ca. The
NMEs for 2νββ are calculated nonclosure approach. For
0νββ, NMEs are calculated in both closure approxima-
tion, and nonclosure approach using four different meth-
ods, namely, closure, running closure, running nonclo-
sure, and the mixed method.
This paper is organized as follows. In sec. II, the
expression of NMEs for 2νββ and the light neutrino-
exchange mechanism of 0νββ are given. Discussion of
closure approximation and nonclosure approach in differ-
ent methods of NMEs calculations are given in sec. III.
The details of the spin tensor-decomposition are given in
sec. IV. The results and discussion are presented in sec.
V. This work is summarized in sec. VI.
II. NUCLEAR MATRIX ELEMENTS
A. 2νββ mode
The half-life of 2νββ of 0+ ground state (g.s) to 0+
g.s. transition is given by [28, 47–49]
T 2ν,01/2 = F
2ν
0 |M2νGT (0+)|2, (3)
where F 2ν0 is the phase-space factor [47]. Here, only
Gamow-Teller type NMEs (M2νGT (0
+)) is relevant which
can be written as [28]
M2νGT (0
+) =
∑
k
〈f ||στ−||k〉〈k||στ−||i〉
E∗k + E0
, (4)
where τ− is the isospin lowering operator, in the present
work |i〉 is 0+ ground state (g.s) of parent nucleus 48Ca,
|f〉 is 0+ g.s. state of grand-daughter nucleus 48Ti, |k〉 is
1+ states of intermediate nucleus 48Sc, E∗k is the excita-
tion energy of the 1+ states of 48Sc, and the constant E0
is given by
E0 =
1
2
Qββ(0
+) +△M. (5)
Here Qββ(0
+) is the Q value corresponding to ββ decay
of 48Ca and △M is mass difference of 48Sc and 48Ca
isotopes.
The reduced transition matrix elements (〈k||στ−||i〉)
can be written as a sum over product of one body tran-
sition densities (OBTD) and one body matrix elements
(〈k′1||στ−||k1〉) [50]
〈k||στ−||i〉 =
∑
k1k′1
OBTD(k, i, k′1, k1, Jk)× 〈k′1||στ−||k1〉,
(6)
where k1 refers to the set of quantum numbers (n1, l1, j1),
and Jk is the spin of intermediate state |k〉. OBTD in
proton-neutron formalism can be written as [14]
OBTD(k, i, k′1, k1,J ) =
〈k||[a+k′
1
⊗ a˜k1 ]J ||i〉√
2J + 1 , (7)
where a+k′
1
and a˜k1 are the one particle creation and an-
nihilation operator, respectively.
One body matrix elements (OBMEs) are given by [50]
〈k′1||στ−||k1〉
=(−1)l′1+j′1+3/2
√
(2j′1 + 1)(2j1 + 1)
{
1/2 1/2 1
j1 j
′
1 l
′
1
}
×〈s||~s||s〉δl′
1
,l1δn′1,n1 (8)
B. 0νββ mode
The decay rate for light neutrino-exchange mechanism
of 0νββ can be written as [4, 10]
[T 0ν1
2
]−1 = G0ν |M0ν |2(mββ
me
)2, (9)
where G0ν is well-known phase-space factor [51], M0ν is
the nuclear matrix element, and mββ is the effective Ma-
jorna neutrino mass defined by the neutrino mass eigen-
values mk and the neutrino mixing matrix elements Uek:
〈mββ〉 = |
∑
k
mkU
2
ek|. (10)
The nuclear matrix elementM0ν can be expressed as the
sum of Gamow-Teller (M0νGT ), Fermi(M
0ν
F ), and tensor
(M0νT ) matrix elements [10]
M0ν = M0νGT −
(
gV
gA
)2
M0νF +M
0ν
T , (11)
where gV and gA are the vector and axial-vector con-
stant, respectively. In our calculation gV = 1 and bare
unquenched gA = 1.27 was used [36]. M
0ν
GT , M
0ν
F and
M0νT matrix elements of the scalar two-body transition
operator Oα12 of 0νββ can be expressed as [15]:
M0να = 〈f |τ−1τ−2Oα12|i〉, (12)
where α = (F,GT, T ), in the present work |i〉 is 0+
ground state (g.s) of parent nucleus 48Ca, |f〉 is 0+ g.s.
3state of grand-daughter nucleus 48Ti, τ− is the isospin
annihilation operator. Scalar two-particle transition op-
erators of 0νββ containing spin and radial neutrino po-
tential operators are given by [14]:
OGT12 = τ1−τ2−(σ1.σ2)HGT (r, Ek),
OF12= τ1−τ2−HF (r, Ek), (13)
OT12= τ1−τ2−S12HT (r, Ek),
where S12 = 3(σ1 .ˆr)(σ2 .ˆr)− (σ1.σ2), r = r1 − r2, and
r = |r| is inter nucleon distance of the decaying nucleons.
The neutrino potential for light-neutrino exchange
mechanism of 0νββ are given as integral over Majorana
neutrino momentum q [14]:
Hα(r, Ek) =
2R
π
∫ ∞
0
jp(qr)hα(q
2)qdq
q + Ek − (Ei + Ef )/2 , (14)
where jp(qr) is spherical Bessel function, variable p=0 for
M0νGT and M
0ν
F , and p=2 for M
0ν
T , R is the radius of the
parent nucleus, Ek is the energy of intermediate states,
Ei is the energy of the initial state, Ef is the energy
of the final state, and hα(q
2) is the form factors that
incorporates the effects of higher-order currents (HOC)
and finite nucleon size (FNS) [23]. Form factors hα(q
2)
used in our calculations are given in Ref. [36].
The short range nature of the two-nucleon interaction
is taken care by multiplying relative harmonic oscillator
wavefunciton ψnl in radial integral 〈n′, l′|Hα(r)|n, l〉 with
a correlation function f(r) [13];
ψnl(r) −→ [1 + f(r)]ψnl(r), (15)
where f(r) can be parametrized as [52]
f(r) = −cear2(1− br2). (16)
The parameters a, b and c for Miller-Spencer, CD-Bonn
and AV18 type SRC parametrization are given in Refs.
[13, 36].
III. CLOSURE, NONCLOSURE, AND MIXED
METHODS
If one replaces the energies of intermediate states in
Eq. (14) by an average constant value, one reaches the
closure approximation:
[Ek − (Ei + Ef )/2]→ 〈E〉.
In closure approximation, neutrino potential of Eq. (14)
becomes [13]
Hα(r) =
2R
π
∫ ∞
0
jp(qr)hα(q
2)qdq
q + 〈E〉, (17)
and the transition operators of 0νββ of Eq. (13) can be
re-written as
OGT12 = τ1−τ2−(σ1.σ2)HGT (r),
OF12= τ1−τ2−HF (r), (18)
OT12= τ1−τ2−S12HT (r).
Closure approximation has significant advantage over
nonclosure approach because it eliminates the complexity
of calculating large number of intermediate states which
can be computationally challenging for heavy nuclear sys-
tems. This approximation is also very good as the values
of q that dominate the matrix elements are of the order
of 100200 MeV, while the relevant excitation energies of
the intermediate states are only of the order of 10 MeV
[14]. The most important part of closure approximation
is to use a suitable value of average closure energy 〈E〉
that will take care the combine effects of a large number
of intermediate states. In the present work, we have used
standard closure energy 〈E〉 = 7.72 MeV [13, 14].
In nonclosure approach, one needs to calculate the neu-
trino potential of Eq. (14) explicitly in terms of energy
Ek of large number of virtual intermediate states |k〉 (for
our case (48Sc). For our nonclosure calculations, we have
used [14]
Ek − (Ei + Ef )/2→ 1.9MeV+ E∗k , (19)
where E∗k is the excitation energy of the intermediate
states |k〉.
In the present work, based on the closure approxima-
tion and nonclosure approach, we have used four different
methods, namely, closure, running closure, running non-
closure, and mixed method to calculate NMEs of 0νββ.
Descriptions of the above methods are given below.
Closure method: In closure method, the NMEs are
calculated using 0νββ transition operator of Eq. (18) and
the neutrino potential of the closure approximation de-
fined in Eq. (17). In this method NMEs defined in (12)
can be written as sum over products of two-nucleon trans-
fer amplitudes (TNAs) and anti-symmetric two-body ma-
trix elements (〈k′1, k′2, JT |τ−1τ−2Oα12|k1, k2, JT 〉A):
M0να =
∑
m,J,k′
1
6k′
2
,k16k2
TNA(f,m, k′1, k
′
2, Jm)
TNA(i,m, k1, k2, Jm)× 〈k′1, k′2 : JT |τ−1τ−2Oα12|k1, k2 : JT 〉A,
(20)
where k stands for the set of spherical quantum num-
bers (n; l; j), and A denotes that the two-body matrix
elements are obtained using anti-symmetric two-nucleon
wavefunction. In our study, |i〉 is 0+ g.s. of the parent
nucleus 48Ca, |m〉 is the large number of states of in-
termediate nucleus (46Ca) with allowed spin-parity (Jpi),
|f〉 is the 0+ g.s. of the granddaughter nucleus 48Ti, and
k has the spherical quantum numbers for 0f7/2, 0f5/2,
1p3/2, and 1p1/2 orbitals. Complete expression of anti-
symmetric two-body matrix elements (TBMEs) is given
in Refs. [13, 36].
TNA is calculated with a large set of intermediate
states |m〉 of the (n-2) nucleons system (46Ca in the
present study), where n is the number of nucleons for
the parent nucleus. TNA is given by [15]
TNA(f,m, k′1, k
′
2, Jm) =
〈f ||A+(k′1, k′2, Jm)||m〉√
2J0 + 1
. (21)
4Here,
A+(k′1, k
′
2, J) =
[a+(k′1)⊗ a+(k′2)]JM√
1 + δk′
1
k′
2
(22)
is the two particle creation operator of rank J , Jm is the
spin of the allowed states of 46Ca, J0 is spin of |i〉 and
|f〉. In Eq. (20), Jm=J when J0=0 [15]. The TNA
is normalized such that TNA2 = np(np − 1)/2 for the
removal of two protons and TNA2 = nn(nn − 1)/2 for
the removal of two neutrons, where np(n) are the total
number of protons (neutrons) in the model-space [15].
Running closure method: In running closure
method, one uses the same 0νββ transition operator and
neutrino potential as closure method. However, in this
method one gets the true virtual intermediate nucleus af-
ter one neutron from parent nucleus decay into one pro-
ton. In the present study 48Sc is the true virtual inter-
mediate nucleus. The NMEs for running closure method
in proton-neutron formalism can be written as sum over
product of one body transition densities (OBTD) and
reduced non anti-symmetric two body matrix elements
(〈k′1, k′2 : J ||τ−1τ−2Oα12||k1, k2 : J〉) [14]:
M0να (Ec) =
∑
k′
1
k′
2
k1k2JJk
∑
E∗
k
6Ec
√
(2Jk + 1)(2Jk + 1)(2J + 1)
×(−1)jk1+jk2+J
{
jk1′ jk1 Jk
jk2 jk2′ J
}
OBTD(k, f, k′2, k2, Jk)
×OBTD(k, i, k′1, k1, Jk)〈k′1, k′2 : J ||τ−1τ−2Oα12||k1, k2 : J〉.
(23)
Here k1 represents set of spherical quantum numbers
(n1, l1, j1) for a orbital, J is the coupled spin of two de-
caying neutrons or two final created protons, Jk is allowed
spin of the intermediate nucleus, E∗k is the excitation en-
ergy of each allowed Jpik of intermediate nucleus which
can run upto cutoff excitation energy Ec in the summa-
tion. Considering states whose excitation energy E∗k goes
up to Ec gives almost constant NMEs when Ec is large
enough. The OBTD are calculated using Eq. (7) with
large number of virtual intermediate states of 48Sc for all
allowed spin-parity.
Running nonclosure method: In running nonclo-
sure method, NMEs are calculated with the nonclosure
0νββ transition operators given in Eq. (13). Nonclosure
neutrino potential defined in Eq. (14) are calculated ex-
plicitly in terms of excitation energy of large number al-
lowed states of intermediate nucleus (48Sc). The NMEs
for running nonclosure in proton-neutron formalism can
be defined as [14]
M0να (Ec) =
∑
k′
1
k′
2
k1k2JJk
∑
E∗
k
6Ec
√
(2Jk + 1)(2Jk + 1)(2J + 1)
×(−1)jk1+jk2+J
{
jk1′ jk1 Jk
jk2 jk2′ J
}
OBTD(k, f, k′2, k2, Jk)
×OBTD(k, i, k′1, k1, Jk)〈k′1, k′2 : J ||τ−1τ−2Oα12||k1, k2 : J〉
(24)
Complete expression of non anti-symmetric reduced
TBMEs for running nonclosure and running closure
method is given in Ref. [14].
Mixed method: The mixed method is the superposi-
tion of running nonclosure, running closure, and closure
method. NMEs in the mixed method is written as [14]
M¯0να (Ec) = M
0ν
α (Ec)−M0να (Ec) +M0να (25)
Mixed methods has very good convergence property [14].
Thus, this method is particularly useful for calculating
NMEs for higher mass region isotopes. Because of high
convergence, NMEs calculated with few states of inter-
mediate nucleus can give almost constant NMEs.
IV. SPIN-TENSOR DECOMPOSITION
In the present study, we have employed spin-tensor de-
composition [35, 37–44] to decompose GXPF1A interac-
tion into its central (C), spin-orbit (SO), and tensor (T)
force components. In spin-tensor decomposition, the in-
teraction between two-nucleon is defined as the linear
sum of the scalar product of configuration space opera-
tor Q and spin space operator S of rank k [38]:
V =
2∑
k=0
V (k) =
2∑
k=0
Qk.Sk, (26)
where rank k = 0, 1 and 2 represent central, spin-orbit
and tensor force, respectively. Using the LS-coupled two-
nucleon wave functions, the matrix element for each V (k)
can be calculated from the matrix element of V [37]:
〈(ab), LS; J |V (k)|(cd), L′S′; J〉 = (2k + 1)(−1)J
×
{
L S J
S′ L′ k
}∑
J′
(−1)J′(2J ′ + 1)
{
L S J′
S′ L′ k
}
×〈(ab), LS; J ′|V |(cd), L′S′; J ′〉,
(27)
where a refers to the set of quantum numbers (na, la).
V. RESULTS AND DISCUSSION
The required TNA and OBTD are calculated using
shell-model code NushellX@MSU [53]. To calculate
TNA, we have considered the first 100 states of inter-
mediate nucleus 46Ca for each allowed spin-parity (Jpi).
Considering first 100 states gives alomst constant NMEs
[15, 36]
The OBTD are calculated by considering first 150
states for each allowed spin-parity (Jpik ) of virtual inter-
mediate nucleus (48Sc in our case) for both 2νββ, and
0νββ of 48Ca. Earlier it was found that considering first
100 states for each Jk of
48Sc to calculate OBTD gives
NMEs with uncertainty about 1% [14]. The calculation
of the one body matrix elements for 2νββ and two-body
5TABLE I. NMEs for 2νββ of 48Ca, calculated with different
components (C, C+SO, and C+SO+T) of GXPF1A interac-
tion.
NME C C+SO C+SO+T
M2ν 0.070 -0.065 0.059
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FIG. 1. (Color online) Variation of NMEs for 2νββ of 48Ca
with excitation energy of 1+ states of the virtual intermediate
nucleus 48Sc.
matrix elements (TBMEs) of 0νββ was done using the
program written by us.
To examine the roles of C, SO and T components of
two nucleon interaction GXPF1A, NMEs for both 2νββ
and 0νββ are calculated first with C component of the
interaction, then by adding SO component to C compo-
nent and finally by adding T component to C+SO com-
0 50 100 150 200
0.00
0.05
0.10
0.15
M
2n G
T
Number of states of 48Sc
FIG. 2. (Color online) Variation of NMEs for 2νββ of 48Ca
with number of 1+ states of the virtual intermediate nucleus
48Sc.
ponent which is same as the total interaction. Calculated
NMEs of 2νββ with C, C+SO, and total (C+SO+T) of
the GXPF1A interaction are given in Table I.
From Table I, it is found that total NMEs of 2νββ
calculated with C component of the interaction has posi-
tive magnitude. NMEs calculated by adding SO compo-
nent to C component of the interaction is decreased by
about 7% in magnitude and sign of NMEs is changed. By
adding T component to C+SO component of the interac-
tion, NMEs further decrease by about 9% in magnitude,
and sign change of NMEs is again seen.
To study the dependence of NMEs for 2νββ on excita-
tion energy of 1+ states of virtual intermediate nucleus
48Sc, we have shown the variation of NMEs with excita-
tion energy in Fig. 1. Here NMEs are calculated with
total GXPF1A interaction. It is found that the first few
low lying states up to around 10 MeV contribute con-
structively and destructively, and NMEs are mostly sat-
urated and becomes constant at high excitation energy.
In our calculation, we have considered states which go up
to around 12 MeV, which gives an almost constant value
of NMEs. A similar trend is seen with NMEs calculated
with C and C+SO component of the interaction.
Variation of NMEs of 2νββ with the number of states
of virtual intermediate nucleus 48Sc is given in Fig. 2.
Here NMEs are calculated with total GXPF1A interac-
tion. It is observed that the first 50 low lying states con-
tribute constructively and destructively, and at a large
number of states, NMEs becomes constant. In our cal-
culation, we have considered the first 150 1+ states of
48Sc, which gives almost constant NMEs. A similar de-
pendence of NMEs on the number of intermediate states
is found with NMEs calculated by C, and C+SO compo-
nent of the interaction.
Calculated NMEs of 0νββ with C, C+SO components
and total (C+SO+T) of GXPF1A interaction are given
in Table II. Here NMEs are calculated in both closure ap-
proximation and nonclosure approach with four different
methods: closure, running closure, running nonclosure,
and mixed methods. NMEs are calculated, including the
standard effects of FNS and HOC with different SRC
parametrization.
It is found that total NMEs of 0νββ calculated
with C component of the interaction for different SRC
parametrization in all the methods have a positive value.
Total NMEs calculated by adding SO component to C
component of the interaction is decreased by about 13-
15%, 10-11%, 10-11%, 12-15%, respectively, with closure,
running closure, running nonclosure, and mixed meth-
ods for different SRC parametrization. The phase of the
NMEs is also changed. By adding T component to the
C+SO component of the interaction, the magnitude of
the total NMEs is further decreased by about 5-6%, 10-
12%, 9-11%, 4-5%, respectively, with closure, running
closure, running nonclosure and mixed methods for dif-
ferent SRC parametrization. Phase changes are again
seen. Similar trends of phase shift are also seen for Fermi,
Gamow-Teller, and Tensor NMEs with all the methods.
6TABLE II. NMEs for 0νββ (light neutrino-exchange mechanism) of 48Ca, calculated in closure, running closure, running
nonclosure, and mixed methods with different components (C, C+SO and C+SO+T) of GXPF1A interaction for different SRC
parametrization. Closure energy 〈E〉 =7.72 MeV was used for closure and running closure methods.
Closure Running closure Running nonclosure Mixed
NME SRC C C+SO C+SO+T C C+SO C+SO+T C C+SO C+SO+T C C+SO C+SO+T
M0νF None -0.261 0.223 -0.207 -0.258 0.220 -0.206 -0.263 0.224 -0.210 -0.266 0.227 -0.211
M0νF Miller-Spencer -0.185 0.152 -0.141 -0.183 0.151 -0.141 -0.186 0.153 -0.143 -0.188 0.154 -0.143
M0νF CD-Bonn -0.279 0.239 -0.222 -0.276 0.236 -0.221 -0.282 0.241 -0.226 -0.285 0.244 -0.227
M0νF AV18 -0.258 0.219 -0.204 -0.255 0.216 -0.203 -0.261 0.221 -0.207 -0.264 0.224 -0.208
M0νGT None 0.841 -0.739 0.709 0.864 -0.785 0.707 0.942 -0.853 0.778 0.919 -0.807 0.780
M0νGT Miller-Spencer 0.590 -0.506 0.491 0.614 -0.552 0.489 0.682 -0.612 0.551 0.658 -0.566 0.553
M0νGT CD-Bonn 0.873 -0.767 0.736 0.897 -0.814 0.734 0.978 -0.886 0.808 0.954 -0.839 0.810
M0νGT AV18 0.801 -0.701 0.673 0.825 -0.748 0.672 0.903 -0.817 0.743 0.879 -0.770 0.744
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 Tensor-running nonclosure
FIG. 3. (Color online) NMEs of 0νββ (light neutrino-exchange mechanism) of 48Ca for different spin-parity (Jpik ) of intermediate
nucleus 48Sc. NMEs are calculated in running closure and running nonclosure methods with (a) C (b) C+SO, and (c) Total
(C+SO+T) of GXPF1A interaction for AV18 SRC parametrization. 〈E〉 = 7.72 MeV was used for running closure method.
From Table II, it is also found that for different SRC
parametrization, the total NMEs calculated by C com-
ponent of GXPF1A interaction with running closure
method is about 2-4% larger than with closure method.
In this case total NMEs in running nonclosure method
is about 8-10% larger as compared to NMEs in running
closure method and total NMEs in mixed method is de-
creased by about 2-3% as compared to running nonclo-
sure method.
For different SRC parametrization, the magnitude of
7  Tensor-running nonclosure
Total
FIG. 4. (Color online) NMEs of 0νββ (light neutrino-exchange mechanism) of 48Ca for different coupled spin-parity (Jpi) of
two initial neutrons or two final created protons. NMEs are calculated in running closure and running nonclosure methods
with (a) C (b) C+SO, and (c) Total (C+SO+T) of GXPF1A interaction for AV18 SRC parametrization. 〈E〉 = 7.72 MeV was
used for running closure method.
the total NMEs calculated by adding SO component to C
component of the interaction in running closure method
is about 6-9% larger than in the closure method. In this
case, total NMEs in running nonclosure is about 8-10%
larger as compared to NMEs in running closure method,
and the total NMEs in the mixed method is about 5-7%
smaller as compared running nonclosure method.
Total NMEs calculated by adding T component to
C+SO component of the interaction in running closure
method is close to NMEs in the closure method. In this
case, total NMEs in running nonclosure is about 9-12%
more as compared to NMEs in closure and running clo-
sure method, and the total NMEs in the mixed method is
close to NMEs in running nonclosure method for different
SRC parametrization.
To study the dependence of NMEs in running closure
and running nonclosure methods with spin-parity of the
states of the intermediate nucleus 48Sc (Jpik ), coupled
spin-parity of two initial protons or two final created pro-
tons (Jpi), excitation energy of the states of 48Sc (E∗k),
and number of states of 48Sc (Nk), one can write the
partial matrix elements in running closure method using
Eq.(23):
M0να (Jk, J, E∗k) =
∑
k′
1
k′
2
k1k2
√
(2Jk + 1)(2Jk + 1)(2J + 1)
×(−1)jk1+jk2+J
{
jk1′ jk1 Jk
jk2 jk2′ J
}
OBTD(k, f, k′2, k2, Jk)
×OBTD(k, i, k′1, k1, Jk)〈k′1, k′2 : J ||τ−1τ−2Oα12||k1, k2 : J〉,
(28)
and the partial matrix elements in running nonclosure
method using Eq. (24) as
M0να (Jk, J, E
∗
k) =
∑
k′
1
k′
2
k1k2
√
(2Jk + 1)(2Jk + 1)(2J + 1)
×(−1)jk1+jk2+J
{
jk1′ jk1 Jk
jk2 jk2′ J
}
OBTD(k, f, k′2, k2, Jk)
×OBTD(k, i, k′1, k1, Jk)〈k′1, k′2 : J ||τ−1τ−2Oα12||k1, k2 : J〉
(29)
Using Eq. (28) and (29), one can write NMEs as function
of spin-parity (Jpik ) of the states of intermediate nucleus
48Sc in running closure method as
M0να (Ec, Jk) =
∑
J,E∗
k
6Ec
M0να (Jk, J, E∗k) (30)
and in running nonclosure method as
M0να (Ec, Jk) =
∑
J,E∗
k
6Ec
M0να (Jk, J, E
∗
k) (31)
Contributions of Fermi, Gamow-Teller, and tensor nu-
clear matrix elements through different Jpik of
48Sc are
shown in Fig. 3. NMEs are calculated in running closure
and running nonclosure methods with C, C+SO com-
ponents and the total of GXPF1A interaction for AV18
SRC parametrization. It is found that for Fermi and
Gamow-Teller type NMEs, contribution through each Jpik
is coherent. But, contribution in tensor NMEs comes in
opposite phase for different Jpik reducing the total tensor
NMEs.
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FIG. 5. (Color online) Variation of (a) Fermi (b) Gamow-Teller (c) tensor and (d) total NMEs for 0νββ (light neutrino-exchange
mechanism) of 48Ca with cutoff excitation energy (Ec) of states of virtual intermediate nucleus
48Sc. NMEs are calculated with
total GXPF1A interaction for AV18 SRC parametrization in running closure and running nonclosure methods. For running
closure method, closure energy 〈E〉=7.72 MeV was used.
Further, it is found that the dominating contribution
comes from 2+ state for Fermi type NMEs and with a
small contribution from 4+ and 6+ states. Contributions
through 0+ and odd-Jpik states is negligible. All contri-
butions of Jpik in Fermi type NMEs are negative with C
component and total GXPF1A interaction, whereas con-
tributions are positive for the C+SO component. En-
hancement in Fermi type NMEs in running nonclosure
method is mostly seen through 2+ states as compared to
running closure method.
For Gamow-Teller type NMEs, the dominating contri-
bution comes through 1+, 3+, and 5+ states. The small
contribution comes through 2+, 4+, and 6+ states and
zero contribution from 0+ states. All contributions of
Jpik are positive for C component and total GXPF1A in-
teractions, whereas all contributions are negative for the
C+SO component of the interaction. Most dominating
enhancements of running nonclosure NMEs are coming
through 1+ state for GT type NMEs as compared to run-
ning closure NMEs.
For tensor type NMEs, coherent contribution comes
through 1+, 3+, 5+, and 7+ states with contribution from
3+, and 5+ states being dominating. Contributions from
2+, 4+, and 6+ states come with the opposite phase and
reduce the total tensor NMEs. The phase of contribu-
tions of different Jpik is opposite for the C component and
total GXPF1A interactions as compared with the C+SO
component of the interaction.
Similar pattern of variation of NMEs with different Jpik
are seen with other type of SRC parametrization.
We have also examined the variation of NMEs with
coupled spin-parity (Jpi) of two decaying neutrons and
final created protons. One can write using Eq. (28) and
(29) NMEs as function of Jpi in running closure method
as
M0να (Ec, J) =
∑
Jk,E∗k6Ec
M0να (Jk, J, E∗k) (32)
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FIG. 6. (Color online) Variation of (a) Fermi (b) Gamow-Teller (c) tensor and (d) total NMEs for 0νββ (light neutrino-exchange
mechanism) of 48Ca with cutoff number of states (Nc) of virtual intermediate nucleus
48Sc. NMEs are calculated with total
GXPF1A interaction for AV18 SRC parametrization in running closure and running nonclosure methods. For running closure
method, closure energy 〈E〉=7.72 MeV was used.
and in running nonclosure method as
M0να (Ec, J) =
∑
Jk,E∗k6Ec
M0να (Jk, J, E
∗
k) (33)
Contributions of NMEs through different Jpi is shown in
Fig. 4. Here NMEs are calculated with C, C+SO and
total of GXPF1A interaction in running closure and run-
ning nonclosure method for AV18 SRC parmaetrization.
Unlike coherent contribution through different spin-
parity (Jpik ) of the intermediate states in Fermi and
Gamow-Teller NMEs, here contribution thorough differ-
ent Jpi is not coherent for all type of NMEs. For all types
of NMEs, the most dominating contribution comes from
0+ states and 2+ states. Also, the contribution from 0+
and 2+ states comes in opposite sign reducing the total
NMEs. The small contribution comes through 4+ and
6+ states with almost negligible contributions from odd-
Jpi states. Pairing effect is responsible for dominating
even-Jpi contributions. It is found that contributions of
different Jpi for C component and total GXPF1A inter-
action are of opposite sign as compared to NMEs with
the C+SO component. Enhancement in NMEs with run-
ning nonclosure method are seen through Jpi=0+ and
2+ states as compared to NMEs with running closure
method. A similar dependence of NMEs with Jpi are
seen for other SRC parametrizations.
To study the dependence of NMEs with cutoff excita-
tion energy (Ec) of the intermediate nucleus
48Sc, one
can write the using Eq. (28), and (29) NMEs as function
Ec in running closure method as
M0να (Ec) =
∑
Jk,J,E∗k6Ec
M0να (Jk, J, E∗k) (34)
and in running nonclosure method as
M0να (Ec) =
∑
Jk,J,E∗k6Ec
M0να (Jk, J, E
∗
k). (35)
Variation of Fermi, Gamow-Teller, tensor, and total
NMEs with cutoff excitation energy (Ec) of
48Sc is shown
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in Fig. 5. Here, NMEs are calculated in running closure
and running nonclosure method with total GXPF1A in-
teraction for AV18 type SRC parametrization. It is found
that most of the contribution comes through the few low
lying initial sates of 48Sc for each allowed spin-parity
(Jpik ). At some high value of Ec, NMEs becomes almost
constant. In Fig. 5, we have shown the dependence of
NMEs for Ec=0 to 10.5 MeV. Considering states whose
excitation energy (E∗k) goes up to 10.5 MeV gives NMEs
with less than 1% uncertainty. NMEs are less sensitive
with excitation energy of 48Sc because of the large neu-
trino momentum q, which is about ∼ 100-200 MeV sit-
ting in the denominator of the neutrino potential in Eq.
(14). A similar variation of NMEs with Ec are found for
other SRC parametrization and in NMEs calculated with
C, and C+SO component of the GXPF1A interaction for
different SRC parametrization.
Instead of setting up cutoff on excitation energy (Ec)
of 48Sc, one can also set a cutoff on the number of states
(Nc) for each allowed J
pi
k of
48Sc to calculate the NMEs.
One can write the NMEs as function of cutoff number of
states (Nc) of
48Sc in running closure method as
M0να (Nc) =
∑
Jk,J,Nk6Nc
M0να (Jk, J,Nk), (36)
and in running nonclosure method as
M0να (Nc) =
∑
Jk,J,Nk6Nc
M0να (Jk, J,Nk), (37)
where M0να (Jk, J,Nk) and M0να (Jk, J,Nk) is same as
Eq. (28), and (29), respectively. Dependence of Fermi,
Gamow-Teller, tensor, and total NMEs with Nc is shown
in Fig. 6. Here, NMEs are calculated with total GXPF1A
interaction in running closure and running nonclosure
methods for AV18 SRC parametrization. The variation
shows that the first few low lying states mostly contribute
constructively and destructively. At a large value of Nc,
NMEs becomes almost constant. In Ref. [14] it was found
that considering 100 states for each Jpik of intermediate
nucleus 48Sc gives NMEs with less than 1% uncertainty.
In our calculation, we have considered Nc=150 for each
allowed Jpik of
48Sc, which gives mostly constant NMEs. A
similar dependence of NMEs with Nc are seen for other
SRC parametrization and for NMEs calculated with C
and C+SO component of the GXPF1A interaction for
different SRC parametrization.
Fig. 7 shows the variation of total NMEs in run-
ning closure and mixed methods with closure energy 〈E〉.
NMEs shown here are calculated with total GXPF1A in-
teraction for AV18 type SRC parametrization. It is found
that for changing 〈E〉=0 to 10 MeV, there is about 11%
decrements of total NMEs in running closure method and
almost negligible decrements of total NMEs in mixed
method. Similar pattern of variation of NMEs with
〈E〉 are found with other SRC parametrization and in
NMEs calculated with C and C+SO components of the
GXPF1A interaction for different SRC parametrization.
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FIG. 7. (Color online) Dependence of NMEs for 0νββ (light
neutrino exchange mechanism) of 48Ca with closure energy
〈E〉, calculated with total GXPF1A interaction for AV18 SRC
parmaetrization in running closure and mixed methods.
VI. SUMMARY AND CONCLUSIONS
In the present work, we have examined the role of C,
SO, and T components GXPF1A effective interaction in
NMEs for 2νββ and the light neutrino-exchange mech-
anism of 0νββ of 48Ca. The NMEs of 0νββ are calcu-
lated in closure, running closure, running nonclosure and
mixed methods. The decomposition of the shell-model
two-nucleon effective interaction into its individual com-
ponents is performed using STD.
For 2νββ, results show that the magnitude of NMEs
calculated with the C+SO component of the interaction
is about 7% smaller than NMEs with C component of
the interaction. NMEs further decrease by about 9%
in magnitude when NMEs are calculated by adding T
component to the C+SO component of the interaction.
The NMEs of 0νββ, calculated in running nonclo-
sure method is enhanced by about 8-10%, 8-10%, and
9-12% respectively as compared to corresponding NMEs
in running closure method with C, C+SO, and total of
GXPF1A interaction for different SRC parametrization.
The NMEs for 2νββ and 0νββ have the same phase for
C component and total GXPF1A interaction, and this
phase is opposite as compared to C+SO component of
the interaction.
We have also checked the contribution of each spin-
parity (Jpik ) of the intermediate nucleus
48Sc in NMEs
of 0νββ with running closure and running nonclosure
method. It is found that for Fermi and Gamow-Teller
NMEs, contribution of each Jpik is coherent with contri-
bution through 1+, 3+, 5+ being dominating for Gamow-
Teller NMEs and contribution through 2+, and 4+ be-
ing dominating for Fermi type NMEs. For tensor type
NMEs, coherent contribution comes through 1+, 3+, 5+,
and 7+ states with contribution from 3+, and 5+ being
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dominating. Contributions from 2+, 4+, and 6+ states
comes with the opposite phase and reduce the total ten-
sor NMEs. The dominating enhancement of Gamow-
Teller NMEs in running nonclosure method as compared
to running closure method is found through 1+ states.
We have also examined the contributions in 0νββ NMEs
in running closure and running closure method through
different coupled spin-parity of two initial neutrons or fi-
nal created protons (Jpi). It is found that dominating
contribution comes through 0+ and 2+ states with their
phase being opposite, which reduces the total NMEs.
Dependence of NMEs of 2νββ and 0νββ with cutoff
number of states (Nc) and cutoff excitation energy (Ec)
of intermediate nucleus (48Sc) are also explored. It is
found that only the first few low lying states contribute
constructively and destructively in NMEs, and at large
Nc and Ec, NMEs becomes almost constant. This is
because of the large value of neutrino momentum q (∼
100-200 MeV), whereas relevant excitation energy is only
of the order of 10 MeV. In our case, we have considered
Nc =150 for each J
pi
k of
48Sc with uncertainty being less
than 1%.
Variation of NMEs in closure and mixed methods with
closure energy 〈E〉 are also examined. It is found that for
changing 〈E〉=0 to 10 MeV, there is about 11% decre-
ments of total NMEs in running closure method and
almost negligible decrements for total NMEs in mixed
method.
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